A new non-empirical exchange energy functional of the generalized gradient approximation type which gives an exchange potential with the correct asymptotic behavior is developed and explored.
I. Introduction
Density functional methods 1 in the Kohn-Sham (KS) formulation 2 have become the most common approach to electronic structure calculations of atoms, molecules, and solids. [3] [4] [5] [6] [7] [8] [9] [10] [11] Though present-day approximations to the exchange-correlation (XC) energy functional enable calculations with rather reasonable computational effort even on large systems, the need continues for better balanced descriptions of thermodynamic, structural, and response properties at each rung of the Jacobs' ladder 12 above the local density approximation (LDA). Improved generalized gradient approximations (GGAs) are particularly desirable, [13] [14] [15] [16] 
where 1/3 [ ; ] ( ) , 
The enhancement factor () x Fs describes deviations from local homogeneous electron gas (HEG) behavior. Typically it is expressed as an analytical function of s that depends on several parameters. Empirical procedures set at least some parameters by minimizing the mean absolute error in the calculated values of several properties relative to well-known test sets. [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] Nonempirical procedures fix the parameters by imposition of conditions known to be obeyed by the exact XC energy functional.
The analytical forms of most current GGA X functionals are designed to satisfy constraints related to the properties of E x (and, sometimes, the canonical exchange-energy density) at small and large s -values. At small s one has
where  may be fixed in various non-empirical ways. That diversity is an example of design choices that occur in constraint-based functional development. The gradient expansion approximation (GEA) yields 28 10 / 81 0.1235
. In the Perdew-Burke-Ernzerhof functional (PBE) 15 ,  is fixed to cancel the second-order gradient contribution to the correlation energy in the high density limit, 15 so as to recover the LDA linear response behavior, which is known to be rather good. With the Ma and Brueckner 29 correlation energy result, one finds 0.2195
Alternatively, the asymptotic expansion of the semi-classical neutral atom yields a modified gradient expansion approximation 30 with 0.26
One also can fix  so that the X energy for the exact ground state density of the hydrogen atom cancels the spurious electron-electron Coulomb repulsion for that density, thereby obtaining an X functional which is approximately one-electron self-interaction free. 31 The resulting  value depends on the particular analytical form chosen for () x Fs, together with the values of the other parameters present in it.
The enhancement factor behavior at large s also depends on the constraint used. For example, to guarantee satisfaction of the Lieb-Oxford bound 32, 33 for all densities, that bound is imposed locally in PBE X, that is, on the integrand of the RHS of eq. (1). Thus ()
PBE x
Fs grows monotonically from unity at 0 s  (to recover the HEG, as must all non-empirical functionals) to a limiting value of 1.804 as s . In VMT 34 , ()
VMT x
Fs also grows to a maximum determined by the local Lieb-Oxford bound, but then decreases back to unity as s , so as to recover the HEG limit. The () 
which for a GGA is equivalent to
where a is a constant. Despite this divergence in ()
x
Fs as s , the whole integrand of the first equality in Eq. (1) tends to zero when r , so that the exchange energy is finite. Another enhancement factor that also diverges for large s , but as
s , is PW86, 44 which follows from the gradient expansion of the exchange hole with real space cutoffs. The relevance of this large s limit has been analyzed by Murray, Lee, and Langreth. 45 Broadly speaking, all these () x Fs forms provide a reasonable description of properties that depend on total energy differences, although there are important and subtle differences among them. However, for finite systems, those approximate forms of ()
Fs give KS eigenvalues and orbitals which have undesirable consequences for the calculation of response properties such as the static and dynamic polarizabilities and hyperpolarizabilities. In particular, it long has been known that the asymptotic behavior of the XC potential plays a fundamental role in the description of excitation energies determined from time dependent density functional theory (TDDFT). 46, 47 Additionally, recently there has been discussion to the effect that accurate XC potentials are essential for getting accurate energies. 48 Thus, it seems worthwhile to incorporate constraints specific to the X potential, because of its direct connection to the KS eigenvalues and orbitals.
has two important properties which are related to the KS eigenvalues and orbitals, namely its discontinuity with respect to particle number N [49] [50] [51] [52] and its asymptotic behavior. [53] [54] [55] No simple N-6 independent GGA can mimic, by itself, the linear dependence of E tot on N that underlies the derivative discontinuity (though there are prescriptions for adding such behavior [56] [57] [58] [59] [60] But their utility is severely limited by the fact that they are not the functional derivative of an X energy functional, Eq. (7). The total energy obtained via such a potential therefore is not a variational extremum and associated total energy differences are of questionable validity.
Additionally, recently it has been shown 64 that the description of electronic excitations also is severely limited when using XC potentials that are not the functional derivative of an XC energy functional.
While there are higher-rung X functionals that yield an X potential with the correct asymptotic behavior, those add dependence upon the Laplacian of the density [65] [66] [67] at minimum.
That adds computational complexity, hence cost. Similarly, incorporation of correct asymptotic behavior through non-local procedures [68] [69] [70] [71] [72] introduces a substantial increase in computational effort.
Thus, it seems worthwhile to attempt incorporation of correct asymptotic behavior in a nonempirical GGA X functional. Here we present such a functional and show that it retains the quality of calculated thermodynamic and kinetic properties associated with current GGA functionals while improving the description of response properties.
After summarizing the formal development, we report validation of the new X functional via the customary calculations on diverse data sets. We compare with results from several current GGA functionals in the prediction of properties that depend on energy differences. Then we report results for the new X functional for static and dynamic polarizabilities and hyperpolarizabilities and assess the results.
II. Correct asymptotic potential ("CAP") GGA exchange energy functional
The general expression for the GGA X potential in terms of the X energy density from the first equality of Eq. (1) 
From this Eq. (9) 
An equivalent expression was derived by Engel and collaborators, 76 who showed that if the enhancement factor behaves as
then, since the reduced density gradient in that limit goes as
one finds [substitute Eqs. (12) and (13) in (11)], that the leading term in the X potential decays correctly, e.g. per Eq. (8).
The asymptotic behaviors of () x Fs in Eqs. (12) and (6) obviously are incompatible which follows from the equally obvious fact that a GGA functional cannot satisfy both Eqs. (8) and (5) .
Note also that (12) is incompatible with the uniform scaling asymptotics, 33 proportional to However, were such a density to be be found, it seems plausible that it would be remote from the neighborhood of ground-state densities, and the practical consequences of such a violation would be negligible compared to the utilitarian simplicity of a GGA X functional. In the numerical studies presented below, this speculation is confirmed. We, find no example of violation of the L-O bound by the new functional we present next. 77 In contrast, the gedanken density recently proposed by Perdew and collaborators, 41 which is far from the densities for real systems, was built so that any enhancement function that takes values above 1.804 violates the global Lieb-Oxford bound. Thus, enhancement functions that diverge when s , such as those that fulfill Eqs. (6) or (12), violate the Lieb-Oxford bound for this gedanken density, as is shown in detail in the supplementary material. 77 Our results (as well as those with the B88 X functional) suggest that one may be reasonably confident that such violations occur only in extreme situations.
To proceed we need a form of () x Fs that reduces to Eq. (4) as 0 s  and to Eq. (12) as s . Additionally, it seems prudent to select a form which is close to good current GGA functionals on 03 s , a region known to be important for the total energy [78] [79] [80] . Thus, we propose
The superscript stands for "correct asymptotic potential". Observe that a ln(1 ) s  dependence in F x has been discussed recently. 81 The constant c is fixed to fulfill Eq. (12) We return to its detailed form below. . Fig. 1 also shows the B88, 13 PBE, 15 PBE-LS, 37 and OPTX 16 enhancement factors.
Observe that CAP x F lies below all the others for s between 0 and about 1.7, after which they all separate. The B88 form, as noted, was constructed to satisfy Eq. (5), leading to the divergence of the form given by Eq. (6) . Recall also the discussion above about larges behaviors and satisfaction of the local Lieb-Oxford bound for various functionals. Also note that the empirical parameters in the OPTX functional are fixed to obtain the minimum error in the total Hartree-Fock energy of the first eighteen atoms of the periodic table.
III. Results and discussion
With the objective of improving response properties without sacrificing the quality of thermodynamic, structural, and kinetic properties obtained with current GGA functionals, we first considered the consequences of different non-empirical  values (recall discussion in Sect. I) and 
 
values to determine which  gives the best description of properties that depend on energy differences. Thus, we did calculations of heats of formation using the G3/99 test set 17 (data for 223 molecules) with the  values corresponding to the different non-empirical  values summarized in Sect. I. We used both the PBE 15 or LYP 14 correlation energy functionals.
The calculations used a developmental version of the program NWChem6.0. 82 The protocol for calculating heats of formation was as established in Ref. [83] and described previously. 31 Mean absolute error (MAE) results for the Def2-TZVPP basis set 84 for the different combinations are presented in Table I . One sees that the lowest MAE is obtained for
combination with the PBE C functional. Next best is CAP X with LYP C for the same μ. Thus, all subsequent calculations presented in this work were done with ()
CAP x
Fs from Eq. (14), with X with PBE correlation C) provides a rather good description of all those properties and is fully competitive with PBE-LS. Except for the heats of formation, it is fully competitive with OLYP, which is known to be among the better empirical GGA functionals for thermodynamic, kinetic, and structural properties. More significant, from the perspective of design choice, is the fact that the CAP-PBE, PBE-LS, and OLYP enhancement factor functional forms are so qualitatively different.
The difference is particularly striking in the case of PBE-LS and CAP-PBE, which share the same C functional. Their MAE outcomes are, in general, close to each other, despite opposite behaviors in Table III. Unsurprisingly, B88, which was designed to reproduce HF X energies, is best on this test. PBE-LS, which is approximately one-electron self-interaction free, is next best. CAP is better than OPTX but has more than twice the MAE of PBE. These outcomes illustrate the general difficulty of designing GGA XC functionals. Improvement on one figure of merit often leads to loss of accuracy on another. Here the emphasis on the accuracy of the X potential has caused a loss of accuracy in the X energy when compared to the atomic Hartree-Fock values.
For response properties, we calculated static and dynamic polarizabilities and hyperpolarizabilities via TDDFT recently implemented in time-dependent auxiliary density perturbation theory (TDADPT) form [94] [95] [96] [97] [98] approximation (ALDA). That is, the LDA functional derivatives were used rather than the CAP or other GGA derivatives. The original rationale for that approximation was (and is) that the GGA derivatives have complicated internal structure that tends to cause serious numerical instabilities.
These problems could be addressed in the future through the use of analytical rather than numerical derivatives but at present they are a limitation. It is critical to note, however, that the previous efforts to mend or repair the incorrect asymptotic potential in TDDFT, which we discussed at the outset, also used the ALDA derivatives as well. 
For the calculation of hyperpolarizabilities we employed the so-called EFISH (electric-fieldinduced second-harmonic) orientation. The average hyperpolarizability was calculated from
where i runs over x , y , and z . In all response calculations, experimental molecular structures were employed. [110] [111] [112] [113] (Fig. 3) and CH 4 (Fig. 4) , the only two functionals that give qualitatively correct frequency dependence are CAP-PBE and CAP-LYP. Thus, thermally corrected CAP-PBE and CAP-LYP are expected to give a rather satisfactory description.
For benzene 119 ( Fig. 5 ) the frequency dependence generated by all the functionals is essentially identical and close to that from experiment. However, all of the other functionals, LDA, PBE, PBE-LS, BLYP, and OLYP, overestimate the experimental polarizabilities at least by 3 au before thermal correction, which will worsen the error. The uncorrected CAP-LYP values lie almost atop experiment but after correction will lie above, while CAP-PBE values will lie below or near the experimental results. 
IV. Potential properties
The CAP functional, Eq. (14) provides as good or better results on most of the standard sets as any other GGA and it does better on response properties than the others. Intriguingly, however, it does not lead to major changes in the eigenvalues for the highest occupied molecular orbitals but does affect the lowest unoccupied ones. Table VIII for the noble gas atoms and Table IX First we observe that, in going from other functionals to CAP, the HOMOs, and particularly the LUMOs do show slight to large changes in several cases. For example, Fig. 6 shows the slight shifts from PBE to CAP-PBE in the HOMO and LUMO of NH 3, while Fig. 7 shows the corresponding large changes in CH 3 OH. These changes in the orbitals seem to be primarily responsible for the improvement observed in calculated response properties.
Obviously the orbital changes among X functionals reflect differences in the potentials they generate. Keep in mind that CAP was constructed to fulfill constraints for 0 s  and r  and to provide a sensible, smooth connection between those limits. v has unexpected behavior. In particular, it very closely resembles a standard GGA potential in the HOMO energy range and below but it is substantially higher than a standard GGA for larger r and even goes slightly positive. While that weakly positive region is unphysical, the combination has the pragmatically valuable consequence that the HOMO energy stays roughly fixed while the LUMO energy goes up, hence the LUMO orbital spreads out. This is not a direct consequence of the asymptotic condition but instead is an indirect result which occurs because of the interpolation between large and small s constraints.
That realization leads to a deeper insight. The Engel et al. constraint 76 given in Eq. (12) (ln ) ss. Thus not only is Eq. (12) not unique, it is inconsistent with at least one critical case. Imposition of the Gill-Pople asymptotic behavior would force a different interpolation to the 0 s  limit, a topic we leave to future work. Similarly we leave for the future the exploration of potentials which go to a constant because of the derivative discontinuity. 56, 125, 130 
V. Concluding remarks
The analysis performed in the previous section confirms that for thermodynamic, kinetic, and structural properties the behavior of the enhancement function in the interval 03 s  is crucial. Properties that depend on the response functions should depend upon the large s behavior associated with the functional derivative that leads to the X potential with the correct asymptotic behavior. But in practice that behavior can be mimicked in the context of an L 2 basis set by a potential which goes high enough, exactly as
The CAP X functional provides a description of properties that depend on total energy differences superior to or competitive with other GGA X functionals with the additional benefit of an improved description of properties that depend upon response functions as calculated via TDDFT in the ALDA. Based on the broad spectrum of quantities treated well by a single functional, we believe that the non-empirical CAP-PBE recommends itself as the best practical general purpose GGA XC functional presently available. We now are working to remove the midrange positive behavior, improve the correlation functional, and to add features related to the discontinuity of the exchange-correlation potential and the approximate satisfaction of the ionization-potential theorem.
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Appendix
For ease of programming, we provide explicit expressions for constructing CAP x v . From exact spin scaling, the spin-labeled exchange potential is 
, as in Eqs. (3) and (14) respectively The required derivatives are 
